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Abstract 
It is shown that for every Tichonoff pseudocompact space X the following conditions are 
equivalent: (a) the free topological group F(X) is an inductive limit of the increasing 
sequence of its closed subspaces (F,(X): n E N}; (b) X” is normal and countably compact 
for every n E N. Conditions implying the homeomorphisms p@,(X)) = F,,(/?X), n E N, are 
found. Also, it is proved that if all finite powers of X are pseudocompact then the natural 
mappings i, of (X@ {e} @X-‘I” to F,(X) are z-closed for all n EN+. 
Keywords: Free topological group; Inductive limit; Countably compact; Pseudocompact; 
z-closed; Normal 
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1. Introduction 
For a Tichonoff space X and a positive integer IZ, let F(X) be the free 
topological group over X and F,(X) a subset of F(X) consisting of all words 
whose reduced length does not exceed n. It is well known [7] that F,(X) is closed 
in F(X) for each n E Nf. The base point of our research is the following 
remarkable theorem proved by Graev [7]: If X is a compact space, then a subset T 
of F(X) is closed in F(X) if and only if T f’ F,(X) is closed in F,(X) for every 
n EN+. In different words, F(X) is an inductive limit of the increasing sequence 
of its closed (and compact) subsets F,(X), II EN+. This theorem was slightly 
generalized by Mack, Morris and Ordman in [8] where compactness of X is 
weakened to the property of being a k,-space. Also, it is easy to see that for every 
P-space X the space of the group F(X) is a P-space; hence F(X) is an inductive 
limit of the closed subsets F,(X), n EN+. So, the problem of characterizing the 
spaces X for which the group F(X) carries the topology of the corresponding 
inductive limit should be divided into nearly compact and essentially noncompact 
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cases. In this paper we restrict our attention to the first case. The bound for 
various generalizations of compactness considered here is pseudocompactness. 
The following result was proved by the author in [12]: If all finite powers of a 
Tichonoff space X are normal and countably compact, then the free topological 
group F(X) carries the topology of the inductive limit lim{Fn(X): IE EN}. (In 
particular, the conclusion holds for the space or of countzble ordinals with the 
order topology and, more generally, for every closed subspace of a .$-product of 
countably tight compact spaces.) 
The aim of this paper is to prove that the inverse implication is valid within the 
class of pseudocompact spaces. This result is established in Theorem 3.13 below. 
At the same time we give necessary and sufficient conditions which imply the 
homeomorphisms pF,(X) = FEF,(/3X), iz EN+. We consider the natural mappings 
i, of x” to F,(X), where x is the topological sum of a space X, its copy X-l and 
the one-point space {e}, in(xl,. . . , x,> =x1 . . . x,. Theorem 3.6 states that if X” is 
pseudocompact, then the mapping i, is z-closed, i.e., i, transforms zero-sets to 
closed sets. This result is applied in the proof of Theorem 3.8 which looks like the 
Graev’s theorem: if all finite powers of X are pseudocompact, hen a subset K of 
F(X) is a zero-set in F(X) iff K n &(X) is a zero-set in F,(X) for each n EN’. 
The same restrictions on X imply the following interesting corollary of Theorem 
3.8: if K is a zero-set in F(X) and L is a zero-set in F,(X), n E N+, then K * L is 
closed in F(X). Some simple examples show that the group product of two 
zero-sets in F(X) need not be closed even if X is compact metrizable. 
In the end of the paper we give an example of two spaces Y and Z such that the 
groups F(Y) and F(Z) are inductive limits of the corresponding increasing 
sequences but the group F(X*), where X* = Y fB Z, is not. The space X* is 
normal and locally compact and all finite powers of X* are countably compact. 
Moreover, F,(X*) is a k-space for each n EN, but F(X*) is not. 
2. Notation and terminology 
All spaces we consider are assumed to be completely regular. The tech-Stone 
compactification of X is denoted by /3X. If _I? = X CB {e} $X-l, then /3x = pX f~ 
(e} @ (@X)-l; we denote by j, the natural mapping of (px)” onto F,(pX). 
Obviously, the restriction of j, to x” coincides with i,. A subset Y of a space X is 
said to be X,-dense in X if Y meets every nonempty G,-set in X. 
3. Main results 
Let us begin with an auxiliary result. 
Lemma 3.1. Suppose a, b E (px)“, j,,(a) = j,(b) and U, V are neighborhoods of the 
points a and b in (/3x),. Then there exist points 5 E U n En and 6 E I/n _? such 
that j,(G) = j,(6). 
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Proof. Apply induction on n. Ignore the coordinates of a and b which equal e as 
unessential. If the word j,Ja) is not reduced (equivalently, if j,(b) is not reduced), 
then a = b and we are done. Let it E Nf and suppose that the conclusion of the 
lemma is true for all m <n. Since the words j,Ja) and j,(b) are reduced, the 
points a, b can have, for instance, the following form: a = (a,, x, x-l, u4,. . . , an), 
b = (b,, . . . , bn_3, y-l, y, b,), where ui, bj, x, y E PT. It is easy to define open 
sets U,, . . . , U, and VI,. . . , V, in /?X such that a E U, x . . . x U, c U and b E VI 
* * 
E,:.. 
x V, z V. Obviously, for the points a* = (a,, u4,. . . , a,) and b* = 
. , bn_3, b,J we have the equality j,_Ju*) = j,_,(b*). Therefore the induc- 
tive hypothesis implies the existence of points a’ E U* n xnp2 and b’ E I/* n Xne2 
with jn_2(u’) = j,_,(b’), where U* = U, X U, X . . . x U,, and V* = VI X . . . x 
V,_, x V,. Let a’ = (a;, al,, . . . , al,> and b’ = (b;, . . . , bL_3, b;). Choose points .? E 
U,nU-J1nx and F~l/-:,nV,_,nx and put ;=(a;, Z, Z-l, a;,...,~;), b= 
(b;,. .., b;-3, F-l, y’, b;). Then a’ E U nx”, 6 E Vnxn and j,(Z) = j,(g). q 
Theorem 3.2. Zf X” is pseudocompact for some n EN+, then p(F,(X)) = F,(pX). 
The converse is also true. 
Proof. Suppose X” is pseudocompact, n E N+. Then, in particular, X is pseudo- 
compact; hence the natural monomorphism i: F(X) 9 F(PX) is a topological 
embedding [9]. So F,(X) is a subspace of F,@X) and it suffices to show that every 
continuous real-valued function f on F,(X) extends to a continuous function on 
F&3X). Consider the natural mapping j, : (@x)” + F,@X) and put g = f 0 i,, 
where i, = jn I XT Since X” is pseudocompact, the theorem of Glicksberg [6] 
implies p(x”) = (pz)n. Consequently, g extends to a continuous function S on 
(px),. We claim that 2 is constant on each fiber j,+(x), x E F,(pX). Indeed, 
suppose there exist points a, b of jn+(x) with g(u) #g(b). Then one can find 
disjoint neighborhoods U, V of the points a, b respectively in (pX)n such that 
g(U>ng’(V)=@. B y L emma 3.1 there exist points a’ E U n Xn and 6 E V n_?” 
such that j,(G) = j,(h). However, the choice of the sets U, V implies g(Z) #g(g), 
i.e., g(2) Z g(5). This contradicts the definition of g. Thus g is constant on all 
fibers j,+(x), so one can define the function f satisfying 2 =fo j,. It is clear that 
the restriction of f- to F,(X) coincides with f and f’ is continuous, for j, is a 
closed mapping. 
To prove the converse let us assume that fi(F,(X)) = F,(pX). The restriction of 
the mapping i, : _f!?’ + F,(X) to the subspace X” of Xn is a topological embed- 
ding of X” into F,(X) and iJX’7 is clopen in F,(X), see [l] or [2, Assertion 5.11. 
It is clear that the closure of in(Xn) in p(F,(X)) is naturally homeomorphic to 
P(X”) and the closure of iJX’7 in F,@X) is (pX)n. Consequently, p(X”) = 
(PX)” and the Glicksberg’s theorem implies that X” is pseudocompact. q 
We will say that F is a zero-set (or a z-set) in a space X, if F = f- ‘(0) for some 
continuous real-valued function f on X. A mapping g : X + Y is said to be 
z-closed, if g(F) is closed in Y for every z-set F in X. In the sequel we use the 
following helpful definition. 
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Definition 3.3. Let X be a dense subset of 8, g : X-+ Y and g’ : 8+ Y be 
continuous mappings with g ( x = g. The mappings g and g are called concordant 
if g-‘(y) = clfg-‘(y) for all y Eg(X). 
The combination of two auxiliary results below will enable us to give a short 
proof of Theorem 3.6. 
Lemma 3.4. Let X be a dense, P-embedded subset of a space k and g : X+ Y, 
g : k + Y be concordant continuous mappings such that g- '( y ) is pseudocompact for 
each y E Y. Zf &? is z-closed, then so is g. 
Proof. Let F be a z-set in X and f a continuous mapping of X to the unit 
segment [O, 11 with F = f-‘(O). Extend f to a continuous function f-on k and put 
@ =f ‘(0). We claim that g(F) = g’(Q). Indeed, choose a point y E Y\g(F). Since 
the set g-l(y) is pseudocompact, there exists the lower bound E > 0 of the 
function f on g-‘(y). Consequently, g-‘(y)cfwl([e, l]>; hence g-‘(y)= 
clyg-‘(y) cf’-l([~, 11). Thus, @ II g-‘(y) = fl and y does not belong to the set 
g’(@> sg(F). Therefore the set g(F) =2(G) is closed in Y. •I 
The definition of the mappings i, and j, yields the following result the proof of 
which we omit. 
Lemma 3.5. Zf X is pseudocompact then the mappings i, : x” + F,(X) and 
j, : (px)” --+ F,,(pX) are concordant. 
We assume pseudocompactness of X in Lemma 3.5 to get the natural topologi- 
cal embedding of F(X) into F(PX) and, in particular, of F,(X) into F,(pX). This 
enables us to consider i, as a mapping into F,(pX). 
Theorem 3.6. Zf a space X” (or X2n) rS pseudocompact for some n EN+, then the 
mapping i, (respectively i, x i,) is z-closed. 
Proof. Since X” and Xn are pseudocompact, he Glicksberg’s theorem 161 implies 
that x” is C*-embedded in (px)“. Obviously, the mapping j, is closed, hence 
z-closed. Lemmas 3.5 and 3.6 together imply that i, is z-closed. Now from the 
concordance of the mappings i, and j, (Lemma 3.5) follows the concordance of 
i, x i, and j, X j,. The theorem of Glicksberg gives the equalities p(x” Xx”) = 
(p_%?)” x (pB>” and p(F,(X) x F,(X)) = F&3X) x F,@X). To conclude that the 
mapping i, x i, is z-closed it remains to apply Lemma 3.4. 0 
Corollary 3.7. Let X2” be pseudocompact for some n E N+. Zf K, and K, are z-sets 
in F,(X), then K,. K, is closed in F2n(X) and, a fortiori, in F(X). 
Proof. Consider the mapping pn : F,(X) x F,(X) + F2,JX) defined by p,/lg, h) = g 
. h. Evidently, p, 0 (i, x i,) = i,,. This equality and the fact that both mappings 
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i, x i, and i,, are z-closed (see Theorem 3.6) imply z-closedness of pn. It is clear 
that K, x K, is a z-set in F,(X) X F,(X), so pn(KI X K2) = K, . K, is closed in 
F&0. 0 
One should compare Theorem 3.6 and Corollary 3.7 with similar results of [12]: 
(a) If X” is normal and countably compact, then the mapping i, is closed; 
(b) if X2” is normal and countably compact, then K * L is closed in F2,JX) for 
any closed subsets K, L of F,(X). 
It is shown by Graev [71 that whenever X is compact, a subset K of F(X) is 
closed iff K I-I F,(X) is closed in F,(X) for each IZ E W. An analogous result is 
true for z-sets. 
Theorem 3.8. Suppose all finite powers of X are pseudocompact. Then a subset K of 
F(X) is a z-set in F(X) iff K I-I F,(X) is a z-set in F,(X) for each n EN+. 
The proof of this theorem is based on two lemmas which seem to be obvious. 
Lemma 3.9. Let Z be a closed subset of a normal space Y, f a continuous real-valued 
function on Z and F a z-set in Y such that Z n F = f- ‘(0). Then f extends to a 
continuous function g on Y such that F = g-l(O). 
Lemma 3.10 (see [SIX Suppose that S is a dense P-embedded subset of Y. Then 
cl,F is a z-set in Y whenever F is a z-set in S. 
Proof of Theorem 3.8. For each integer IZ put K, = K r-l F,(X) and let K,* be the 
closure of K, in F,(pX). It is easy to verify that K,*+, n F,(pX) = K,* for all 
positive integers n, m (for instance, one can apply the equality (*) established in 
the proof of Corollary 3.11 below). There exists a continuous real-valued function 
fl on F,(X) such that K, = f- ‘(0). By Theorem 3.2, fl extends to a continuous 
function g, on F,(j?X). Clearly, K,* = g; ‘(0). Assume that for some m EN+ we 
have already defined a continuous real-valued function g, on F,,JpX> such that 
g; ‘(0) = K$ Since F, + ,(/3X) is compact and normal and Kz+l is a z-set in 
F,+,(pX) (Lemma 3.10), one can apply Lemma 3.9 to define a continuous 
real-valued function g,, 1 on F,+,(pX) which extends g, and satisfies the 
condition g;: i(O) = Kz + 1. 
Let g be a function coinciding with g, on F,(pX) for every m EN+. Since all 
functions g, are continuous, the Graev’s theorem implies the continuity of g. 
Obviously, if f is the restriction of g to F(X), then K = f-‘(O). q 
Corollary 3.11. Suppose all finite powers of a space X are pseudocompact, K, is a 
z-set in F(X) and K, is a z-set in F,,(X) for some n EN+. Then K, * K, is closed in 
F(X). 
Proof. Assume the contrary and pick an element g E cl(K, . K2)\K1 . K,. By the 
theorem of Pestov [91 we can identify F(X) with the corresponding dense sub- 
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group of F(PX). Put Ki* = ~l,(~~+~, j = 1, 2. Then K,* cF,(pX); hence Kz is 
compact. Consequently, the set K: * Kz is closed in F(/?X) and g E K,* . K,*. Pick 
elements a E K,* and b EKE such that g = ab. Then a EF,(PX) for some 
integer m. We claim that the following equality holds: 
X: nK(PX) = clF(px)K V?(X)). (*) 
Indeed, by the assumption there exists a continuous real-valued function f on 
F(X) with K, =f-‘(01. By [13, Theorem 31 F(X) is a C-embedded subset of 
F(PX), so f extends to a continuous function g on F@X). Lemma 1 of [13] 
implies that F(X) is K,-dense in F(PX), and this in turn gives the equality 
Kf = g-‘(O). It is clear that K,* n F,@X) = g;‘(O) where g, is the the restriction 
of g to F,(pX). Since the functions g, and f coincide on F,(X) and F,(X) is 
x,-dense in F,(pX), we conclude that the set K, n F,(X) =f-‘(0) nF,(X) is 
N a-dense in g; ‘(0). Now ( * ) follows immediately. 
By (* 1, the point a belongs to the closure of K,(m) = K, n F,(X) in F(PX). 
Consequently, g E cl,~px,(K1(m) * K2), which contradicts the fact that the set 
K,(m). K, is closed in F(X) (Corollary 3.7). 0 
A free topological group F(X) need not be an inductive limit of its subspaces 
F,(X), n E Nf, even if all finite powers of X are pseudocompact (see the example 
in the end of [12], or Theorem 4.1 here). To guarantee the inductive limit property 
of F(X) it suffices to require that X is either compact [7] or a km-space [8], or that 
all finite powers of X are normal and countably compact [12]. The theorem below 
shows that the latter condition is necessary in case of a pseudocompact space X. 
This is the main result of this paper. We begin with an auxiliary result. 
Lemma 3.12. Let K and L be compact subsets of a topological group G, S be dense in 
K and T be dense in L, and n E N+. Then the closure of the set A4 = {g * h” * g-“1 g E 
S, h E T} in G coincides with the set N = {g * h” *g-“: g E K, h EL). 
Proof. The mapping p : G x G + G defined by p(g, h) = g. h" . g-” is continuous. 
It remains to note that S X T is dense in a compact space K X L and p(S X T) = M, 
p(KxL)=N. •I 
Theorem 3.13. The following conditions are equivalent for a pseudocompact space X: 
(1) the space of the free topological group F(X) is an inductive limit of its 
subspaces F,(X), n E N; 
(2) all finite powers of X are normal and countably compact. 
Proof. The implication (2) * (1) is Theorem 2 of [12]. Let us show that (1) implies 
(2). Assume that (2) fails. Then there exists a positive integer k such that Xk is 
either nonpseudocompact, or nonnormal. In each of these cases one can find 
disjoint closed subsets F,, F, of Xk such that the closures F,* and Fz of these 
sets in Y = (/3X>k have a nonempty intersection, say K. This is obvious if Xk is 
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not normal. If Xk is not pseudocompact, then the Glicksberg’s theorem implies 
that p(Xk) # (pXjk, whence follows the existence of sets F,, F,. 
Obviously, K c Y\Xk. The intersection of the closures of the sets F, XX and 
F, XX in Y x pX coincides with K X /3X. Pick a nonisolated point a of /3X and 
fix a sequence (U,: n E N) of open neighborhoods of a in PX such that cl U,,, L U, 
and U,\cl U,,, # 91 for all n EN. Then C, = rl nr &In is a nonempty, closed 
G,-set in pX. Choose for each n E N a nonempty closed G,-set C, in PX lying in 
U,\cl u,,,. Obviously, the sequence (C,: IZ E Nl converges to C,. Since X is 
pseudocompact, X is X,-dense in PX. In turn, this implies that the sets C, nX 
and C, I-J X are X,-dense in C, and C, respectively. For each j = 1, 2 and 
n E (0, 1, 2,. . . , * } put Fj,n = Fj x (C, nX), a closed subset of Xk XX. Then the 
sets F, n and F, n are disjoint for each n E N U { * ). It is clear that F& f’ F& = K 
x C, for each ‘IZ E NU (*), where FjTn is the closure of Fj,n in Y X PX. This 
completes our preliminary construction. 
For each m E N+ identify the space (/3Xjm with its image j,((pX)“) & F,(pX) 
under the canonical mapping j,. Now put ds,, = Ig. h” *g-T g E F1,,, h E F,,,}, 
IIEN+, and @* ={g-‘.h.g: gEF1,., h E F2,.}. We claim that for each 12 EN+ 
the set Qn is closed in F(X), all elements of a,, have length (k + 1). (2n + 1) with 
respect to the alphabet X UX-‘, and K. C, is in the closure of @,, in F(PX). 
Indeed, the closure of @,, in F@X) is the set @z = 1g *h” *g-“: g E F&, h E F&l 
(Lemma 3.121, and if g = h E F& n F& = KxC,,then g.h”.g-“=g,i.e., K.C, 
= jk+JK X C,> c @,*. N ow the equality @,, = @,* n F(X) should be verified, which 
implies that Qn is closed in F(X). Let a = g. h” .g-” be an element of F(X), 
where g E F&, and h E F&. If the word b = gh”gpn is irreducible, then a = b and 
g, h E F(X). Consequently, g E F& nXk+l = F,,, and h E F& nXk+l = F2 n. 
Assume that the word b is reducible. The reductions in b can only touch upon 
letters x, x-l, where x is in h and x-l is in g- ‘. So, let the words g and h be of 
the form g -pq, h = rq where q is the reducted part of g. The case g = h is 
trivial, so we can assume that p and r are nonvoid. Therefore a = gh”-lrp-lgl-n 
E F(X), whence follows g E F(X) and r E F(X). Then the fact that g -pq E F(X) 
implies q E F(X), so h = rq E F(X). Now we have g E F,,, and h E F+, i.e., 
a E @,. 
One can apply the same argument to show that @* is a closed subset of F(X), 
all elements of @, have length 3(k + 1) and the closure of @* in F(PX) contains 
the set K.C,. The facts above imply that the closure of @;’ . @, in F(PX) 
containsthesetC,1.K-‘.K.C,~C,‘.C,.Itiseasytoseethattheset~,’.~~ 
is closed in F(X). Indeed, aj;’ * @, c (CD*, 1-l . @,* n F(X) and every element a of 
the latter set is of the form a = g;’ . h;’ *g, *g, . h’; . ggn, where g, E Ft*, h, E 
Fz,, g,EF& and h,EF$,. It suffices to show that if a E F(X), then all elements 
gj, hj belong to F(X), i.e., a E @p*’ .@,. This is clear if the word b = 
g,‘h,‘g,g,h;g,” is irreducible (i.e., if b = a). Otherwise the reductions in b 
occur either at the joint of g, and h;‘, or at the joint of h, and g;‘. Conse- 
quently, all reductions in b can be performed in the parts g;‘h;‘g, and g,h’;gi” 
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of b separately. Since the reductions transform these parts into words of F(X), 
the facts proved above imply that gj, hj E F(X), j = 1, 2. So the set @;l. @,, is 
closed in F(X). 
Put T = U {CD;’ * CD,,: n EN+}. All elements of @;l. @,, have length (k + 1) * 
(2n + 4); hence for every m EN, the set F,(X) meets only finitely many sets 
@G1. @,, n EN+. Consequently, the set T 17 F,(X) is closed in F,(X) for each 
m EN+. To show that T is not closed in F(X), note that the closure of T in 
F(PX) contains the set M = lJ ~=&;’ . C,. Also, it is clear that the identity e of 
F(PX) belongs to the closure of M in F(PX), because the closure of the set 
U zzOC, in PX meets C,. So e is a cluster point of T in P(pX). Since T cF(X), 
we have e E cl rCXjT. Thus, T is not closed in F(X), for e 66 T. This means that the 
topology of F(X) is not the topology of the corresponding inductive limit. q 
Remark 3.14. I do not know if the part (1) - (2) of Theorem 3.13 is true for the 
free Abelian topological group A(X). This implication seems to be true in the 
Abelian case, but our argument does not work for A(X). 
4. Inductive limit property of F(X) can be destroyed by the free topological sum 
operation 
The title is inspired by the following result. 
Theorem 4.1. Let X* = 6.1~ @ (wl + 1) be the free sum of ordinal spaces o, and 
w1 + 1 endowed with the order topology. Then the space X* is normal and locally 
compact and all finite powers of X* are countably compact but the group F(X*) 
does not carry the topology of the inductive limit lim”, n = ,F,,(X*). Moreover, 
F,(X*) is a k-space for each n EN+, but F(X*) is not. 
Note that F(o, + 1) has the inductive limit property by the theorem of Graev 
[71, and F(q) has this property by Corollary 5 of [12]. 
Our proof of Theorem 4.1 involves the following auxiliary statement which is 
based on a description of a neighborhood system of the identity in F(X) (see [ll, 
Theorem 1.11). 
Lemma 4.2. If X is pseudocompact, then X(e, F,(X)) = w(FJX)) = w(pX) for all 
n > 2, and X(e, F(X)) = w(F(X)) < w(pX)“o. 
Proof. Since X is pseudocompact, we may treat F(X) as the subgroup of F(PX) 
generated by the set X [9]. Clearly, F(X) is dense in F(PX), and F,(X) is dense 
in F,@X) for each integer IZ. This implies the relations X(e, F(X)) = X(e, F(pX)> 
and X(e, F,(X)) = X(e, F,@X)) for all n EN+. Thus, we may assume without loss 
of generality that X is compact. Since F,(X) is a continuous image of x”, we have 
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x(e, F,(X)) < w(F,(X)) <w(x”) =w(X>. By Corollary 1 of [lo], the sets i,(U) 
where U runs over all open neighborhoods of the diagonal A in x2 constitute a 
base at the identity e in F,(X). The cofinality of the family of all neighborhoods of 
A in x2 ordered by inclusion is equal to the weight of x; hence w(X) < w(x) < 
X(e, F,(X)) <x(e, F,(X)) for n > 2. The equality X(e, F,(X)) = w(X) is now 
immediate. 
The group F(X) on a compact space X is u-compact, therefore Lindelof. 
Hence w(F(X)) =X(e, F(X)). (For any neighborhood of the identity, the group 
can be covered by its countably many translations; hence a countable base at the 
identity produces countably many countable covers of the group; their union is a 
base for F(X).) By Theorem 1.1 of ill], there is a correspondence that assigns to 
each sequence 5 = (U,, U,, . . . ) of neighborhoods U, of the diagonal A,, in X2”, 
ItEN+, a neighborhood W(c) of the identity in F(X) so that the family of all 
lV(,$) forms a base at the identity of F(X). However, for any neighborhood U, of 
A,, in X2” one can find a neighborhood V, of A, in X2 so that the “nth power” of 
V, is in U,; that is, if X = (x,, . . . , x,> EX~, J = (yl,. . . , y,) EX” and (xi, yJ E V, 
for all i < IZ then (X, J) E U,. In other words, a neighborhood 17, is in a sense 
determined by V,. Thus, the character of the identity in F(X) does not exceed the 
cardinality of the family of all sequences <V,, V,, . . . > of neighborhoods of the 
diagonal in X2. This gives the inequality X(e, F(X)) < w(X)“o. 0 
Obviously, the identity e of F(X) is isolated in F,(X); this explains the 
restriction “n > 2” in Lemma 4.2. 
Note that the equality w(F(X)) = w(X)“0 for infinite compact spaces X is 
independent of ZFC. For example, if X is a convergent sequence (with the limit 
point), one can verify that the weight of F(X) is equal to the cofinality character 
of (NN, -=K > where f < g if and only if f(n) < g(n) for all 12 E N. The cofinality 
character obviously coincides with the cardinal a (see [14, p. 19811, which is less 
than 2’0 in some models of ZFC. On the other hand, GCH implies w@‘(X)) = 
w(X>“O for any infinite compact space X. 
Proof of Theorem 4.1. The space (X*j2 contains a closed copy of the space 
wr x (wl + 1) and the latter is not normal by the theorem of Tamano (see [4, 
Theorem 5.1.381). So F(X*) does not carry the topology of the corresponding 
inductive limit by Theorem 3.13. 
Now consider the question: which spaces involved here have the k-property? 
Note that the space X* is Ho-bounded, i.e., the closure in X* of any countable 
subset is compact. Fix a positive integer n and denote by X the free sum of X*, its 
copy (X*)-l and the point e, the identity of F(X*). Let i, : x” + F,(X*) be the 
canonical mapping onto. Since the space Xn is &-bounded and i, is continuous, 
F,(X*) is &-bounded. Lemma 4.2 implies that the character of F,(X*) is equal to 
it,. Let R be a nonclosed subset of &(X*1. We claim that there exists a compact 
set K cF,(X*) such that R nK is not closed in K. Since F,JX*> is Ha-bounded, 
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one can assume that R contains closures of all its countable subsets. Pick a point 
g E (cl R)\R. Being countably compact, R intersects every G,-set in F,(X*) 
containing the point g. This implies the equality X(g, F,(X*)) = K,. Let (U,: cr < 
wr) be a base of F,(X*) at g. For every p < w1 put VP = f~,~&, and pick a point 
gpczVonR. Then the set M=(gp:P<w,) is in R, gEc1 A4 and cl M is 
compact. Indeed, the fact that g E cl M is obvious. For every neighborhood U of g 
in F,(X*) the set M\U is countable by the choice of points gp. However, the 
closure of the latter set is compact, whence follows the compactness of the set 
K = cl M. It is clear that K n R is not closed in K. Therefore &(X*1 is a k-space. 
It remains to note that for every compact set C cF(X*) there exists IZ E N+ 
with C z F,(X*), see [2]. Since F(X*) has no inductive limit property, there exists 
a nonclosed subset T of F(X*) with closed intersections T cl F,(X*), n EN+ 
(Theorem 3.13). Consequently, T I-I C is closed in C for every compact subset C of 
F(X*). Since T is not closed in F(X*), we conclude that F(X*) is not a k-space. 
0 
5. Concluding remarks and problems 
This paper concentrates on the following general problems. 
Problem 5.1. Characterize those spaces X for which the free (Abelian) topological 
group F(X) (A(X)) has the inductive limit property. 
Problem 5.2. Characterize spaces X for which the canonical mapping i, : (X @ {e) 
@ X-‘Y + F,(X) is quotient (closed, z-closed, R-quotient, etc.), IZ E W. 
These problems are closely connected with the following one. 
Problem 5.3. Find general conditions on X implying that F(X) (or F,(X) for each 
II EN) is a k-space. 
Here we give a brief survey of results concerning Problems 5.1-5.3. Clearly, 
both compact spaces and k,-spaces are good for these problems [7,81. The same is 
true (except Problem 5.3) for the spaces whose finite powers are normal and 
countably compact [12]. If, in addition, their finite powers are k-spaces, then these 
spaces are good for Problem 5.3 too [12, Theorem 51. Moreover, one can extend 
the latter class of spaces in a manner the class of km-spaces extends compact 
spaces (some details are given in [12]). It was mentioned in the introduction that 
P-spaces are good for Problem 5.1. As to Problem 5.2, the mappings i, are closed 
for a Lindeliif P-space X [12, Theorem 81. 
Note that the property of F(X) being a k-space is more restrictive than the 
inductive limit property because every compact subset of F(X) is contained in 
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F,(X) for some n E Nf. Theorem 3.13 shows that F(X) need not be a k-space 
even if F,(X) is a k-space for each II E N. An analogous result for free Abelian 
groups was announced in [15] (a proof is given in [16]). 
Recently Yamada [16] has proved (among other interesting results) that for a 
metrizable space X, the following are equivalent: 
(9 A,(X) is a k-space for any n EN; 
(ii> A,(X) is a k-space; 
(iii) either X is locally compact with the set X’ of all nonisolated points 
separable, or X’ is compact. 
Problem 5.2 was completely solved for IZ = 2 by Pestov [lo]. He proved that the 
mapping i, is quotient iff X is strongly collectionwise normal, i.e., if every 
neighborhood of the diagonal in X2 contains a uniform neighborhood of the 
diagonal. 
The case of free Abelian groups was treated in [161. Again, for a metrizable 
space X, each of the conditions @-(iii) as above is equivalent to each of the 
following 
(iv) the map i, is quotient for each IZ EN+; 
(v) the map i, is quotient. 
Here i, : %” -+/I,(X), n EN+. 
Problem 5.3 seems to be close to the completely solved one concerning metriz- 
able spaces. The following criteria are established in [31 for a metrizable space X: 
(a> F(X) is a k-space iff X is locally compact separable or discrete; 
(b) A(X) is a k-space iff X is locally compact and the set X’ of all nonisolated 
points in X is separable. 
We conclude the paper by stating the following special case of Problem 5.1. 
Problem 5.4. For what points p E /3N\N does the group F(N U {p}) (or A(N u 
{p))) have the inductive limit property? For every, for some, never? 
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